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Abstract

We consider a shape optimization problem for a cantilevered pipe conveying fluid. The outer diameter
distribution of the pipe and the location of the sensor and the actuator are optimized such that the critical
flow velocity of the closed-loop system is maximized. The outer diameter distribution is optimized such that
the total volume of the pipe is unchanged with the initial diameter distribution. The critical flow velocity of
the closed-loop system is defined as the flow velocity which cannot be stabilized by active control law with a
predetermined energy quantity. By this definition, it is physically reasonable comparing the quality of
several design candidates since all candidates are actively controlled with the same energy consumption. We
propose a method for obtaining the critical flow velocity with consideration of the amount of computation
for the optimal design. This optimal design problem results in a maximization problem with equality and
inequality constraints. We adopt simulated annealing method which is known as one of discrete
optimization techniques for obtaining the optimal design.
© 2003 Elsevier Ltd. All rights reserved.

1. Introduction

The dynamic stability of cantilevered pipes conveying fluid has been studied by several
researchers [1-4]. Those pipe systems are found in many engineering fields, e.g., oil pipeline, heat
exchanger tubes, etc. and the higher critical flow velocity is generally desired. Results of above
studies are available as a guideline in designing the pipe system with higher critical flow velocity.
For finding the pipe system with higher critical flow velocity, two methodologies are mainly
proposed, i.e. structural optimization [5,6] and active control [7-10]. In the approach of the
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structural optimization, several structural design variables, e.g., the shape of the pipe and
locations and their coefficients of the supporting spring and the damper are optimized with the use
of the above structural properties [1-4]. On the other hand, the authors have investigated the
stabilization of the pipe system with active control technique [7—10]. In this approach, the pipe
system is firstly designed, i.e., structural design variables (including locations of the sensor and the
actuator for active control) are firstly determined, and the feedback controller is synthesized for
the fixed model of the pipe system. This two-step design scheme is generally employed in designing
the active vibration control system.

However, we have not obtained the solution to the following problem: How should we
determine structural design variables when an active control is applied? Note that it is not
necessarily true that the optimal design variables for maximizing the critical flow velocity without
active control are not “optimal” when an active control is applied because the critical flow
velocity of the active control system depends on not only structural design variables, but also the
controller for the active control. The flow velocity of the active control system becomes critical
when the stability of the closed-loop system with the pipe system and the controller is violated. In
the situation that both of structural design variables and the controller for active control can be
adjusted, it is more adequate and natural to design the structural and control design variables
simultaneously than the above two-step scheme.

We consider an optimal design problem for an actively controlled cantilevered pipes conveying
fluid for maximizing the critical flow velocity of the closed-loop system. The outer diameter
distribution of the pipe, the location of the sensor and the actuator and the feedback controller are
simultaneously adjusted with a numerical optimization technique. This design procedure is
referred to as “Simultaneous optimal design of structural and control systems” and studied
actively in this decade.

Borglund [11] studied a shape optimization problem of a beam between two actively controlled
pipes conveying water. The weight of the beam was minimized such that the critical flow velocity
of the closed-loop system is unchanged. However, the stability and the performance of the
closed-loop system are not guaranteed since the control law is a simple static output feedback.
Hiramoto and Doki [12] optimized the outer diameter distribution of the pipe and the location of
the sensor and the actuator for maximizing the critical flow velocity of the closed-loop system with
LQG control law. The LQG controller was synthesized for the mathematical model of the pipe in
the critical flow velocity of the open-loop system, i.c., the critical flow velocity without active
control. The closed-loop critical flow velocity was defined as the flow velocity which lost the
stability of the closed-loop system with the fixed controller by increasing the flow velocity of
the pipe. With the definition of the closed-loop critical flow velocity, the stability and the
performance (in the sense of LQG criterion) are guaranteed in the open-loop critical flow velocity.
However, the physical validity of the resulted optimal design in this method is not necessarily clear
because the energy consumption for the active control was not equalized among optimal design
candidates.

In this paper, we redefine the closed-loop critical flow velocity as the flow velocity which cannot
be stabilized with a predetermined energy quantity for active control. The feedback controller
satisfying the energy constraint can be obtained with an iterative algorithm proposed by Skelton
[13]. With the obtained controller, the optimal outer diameter distribution and the location of the
sensor and the actuator are optimized for maximizing the redefined closed-loop critical flow
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velocity. Using this criterion, we can fairly compare the closed-loop critical flow velocity between
several candidates of the optimal design since the energy consumption of all candidates are
equalized.

In general, simultanecous optimal design problem, the analytical method for obtaining the
optimal design variables (structural design variables and the feedback controller) has not been
found up to the present. We obtain the optimal design variable with a numerical optimization
technique as the case with general simultaneous optimal design. We adopt simulated annealing
(SA) [14] for obtaining the optimal design. SA method is known as a numerical optimization
method without information on gradient of the objective function. If we employ the iterative
controller design method by Skelton [13], the amount of computation for obtaining the closed-
loop critical flow velocity becomes unacceptably large. In this paper, we propose an algorithm for
obtaining the closed-loop critical flow velocity with less amount of computation.

The rest of this paper is organized as follows. In Section 2, the mathematical model of the
cantilevered pipe conveying fluid is derived and the optimal design problem is formulated. An
algorithm for obtaining the optimal design is proposed in Section 3. In Section 4, we present a
design example. The conclusion of this paper is given in Section 5.

2. Problem formulation
2.1. Mathematical model of the cantilevered pipe conveying fluid

The thruster-controlled pipe system in this paper is shown in Fig. 1. Define the horizontal and
the vertical co-ordinates as x and W, respectively. An incompressible fluid of mass per unit length
my flows in the pipe with a constant velocity V. At x = L,, an actuator is connected to the pipe by
a spring with spring constant K. A sensor target is installed at x = L, for measuring the
displacement of the pipe. The control displacement U(¢) where ¢ is a time constant is determined
by the feedback controller. The inner diameter of the pipe is uniformly d in 0<x< L. The pipe is
divided equally into M sections and the outer diameter of each section can be adjusted. The
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Fig. 1. Analytical model of the cantilevered pipe conveying fluid.
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distribution of the outer diameter of the pipe is given by

M
D(x) =) Di(x), (1)
k=1
where
Diy>0 (k—1)L/M<x<kL/M),
Di(x) =14 b / )
0 (otherwise).
From Egq. (1), the distribution of moment of inertia of area is
_ T 4 4
1(x) = 2Dy = ). G

It is assumed that the pipe is made of a material with Kelvin—Voigt-type viscoelasticity, and E™* is
the coefficient of internal dissipation. Then, the equation of motion of the pipe system is
given by

0? ol 4 Foal /4
L =—| EI(x)—— + E*I
) ax2< ) TE) 6x28t>

2

0 o\’ oW
+ mf<5+ Va—x> W"‘mb(X)W"i_K(W_ U)é(X—Lg) - 0’ (4)

where E and m(x) are Young’s modulus and the mass distribution of the pipe with the above
outer diameter distribution, respectively. The function Jd(x) is the Dirac’s delta function. The
boundary conditions become

x=0. W= 6_W =0,
ox
o*wW ;W
=L: EI(x)—+ E*I =
X W a3z +E 0 555 =0
;W ol /4
El(x)—— + E*I = 0.
W) o TE N 555,=0 )

Assume that the deflection of the pipe is approximated as follows:

N
W(x,0) = am(t),,(x), (6)
m=1
UmX O X . OpX . X
¢,,(x) = cosh 7 COST — O (sth — sin T)’ (7
i h m i m
o sinh o, sin o, ®)

~ cosh o, + cos o,
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where a,,(7) is an unknown time function, ¢,,(x) is the normalized eigenfunction of the cantilevered
beam and a,, is the solution to the frequency equation, namely, 1 + cosh o,,cos ¢, = 0.

Substituting Eq. (6) into Eq. (4) and applying Galerkin procedure, we have the following
equation:

Dg(1) + Eq(1) + Fq(1) = GU(1), ©)

where q(7) = [a1(¢) ... an(?)]'. The detailed expressions of matrices D, E, F and G are given in
Appendix A. Eq. (9) is rewritten in state-space form given as

(1) = Ax(1) + B(U() + ny(1)), (10)
Y(t) = Cx(£) + n,(2),

x() =[a1(1) ... an(t) @) ... an(O]',
0 I
-D'F -D'E

C=[p,(Ly) - Ppn(Ly) 0],

where ny(f) and n,(¢f) are the system and the measurement noise which satisfy following
properties:

0
-D'G

2 b

E(n(1) =0,  Ec(nu(1) =0,
Eo (n(0ny(1)) = qo(t — 1), Eco (nn(Onm(7)) = o(1 — 1),
Eo (ns(Onpm(t)) =0, ¢>0, V,7>0, (11)
where E,, denotes the expectation operator.

2.2. Maximization problem of the closed-loop critical flow velocity

We synthesize a feedback controller U = C(s) Y for the mathematical model of the cantilevered
pipe conveying fluid. For the noise introduced in Eq. (10), we define the energy consumption for
active control as

E, = E..(U(?)*). (12)

In this paper, we define the closed-loop critical flow velocity as the following:

Definition 1 (The closed-loop critical flow velocity V). For the model of the pipe system given in
Eq. (10), the closed-loop critical flow velocity V¢, is the maximum flow velocity which can be
stabilized with a feedback controller subject to the following energy constraint:

E,<pu, (13)

where ¢ > 0 is the upper bound of the energy consumption for active control predetermined by a
designer.
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With Definition 1, we formulate the simultaneous optimal design of the cantilevered pipe
conveying fluid as the following:

Simultaneous optimal design of the cantilevered pipe conveying fluid: Find the optimal outer
diameter distribution D(x)*, sensor and actuator location L* and L* and the feedback controller
C(s)* for maximizing V¢ such that the volume of the pipe is equal to that of the initial outer
diameter distribution.

For future discussions, we define the open-loop critical flow velocity V7, as the critical flow
velocity of the pipe system without active control.

3. Optimal design method
3.1. Closed-loop critical flow velocity

Assume that the feedback controller C(s)* is obtained from the class of LQG control law. For a
candidate of the structural design variable denoted by (D(x)¢, L¢, L), the closed-loop critical flow
velocity V¢, is obtained by a following algorithm:

Algorithm 1. Step 0: Let i =1 as the iterative number and set the upper bound of the energy
consumption >0 in Eq. (13). Define (Vfr)" = V9 as the initial estimate of the closed-loop critical
flow velocity. ‘

Step 1: Obtain the state space model of the pipe system in Eq. (10) for (V.,)'". Let k = 1 and k4
be the iterative number for the inner loop and the maximum number of inner loop iteration,
respectively. In the inner loop, the LQG controller satisfying the constraint in Eq. (13) is obtained.
Define the quadratic cost function J given as

J = E.(x(t)'Qx(t) + r* U(1)%), (14)

where the matrix Q=0 is selected such that the pair (Q'/2, A) is observable and ¥* > 0 is a scalar
weight.

Step 2: Obtain the LOG controller C(s)* for minimizing the cost function J. The state space
realization of the LQG controller is represented as

A* | B. A-BK/-K.C | K,
Chs) = | =¢ ‘| = T ‘1, 15
©= |1 & — (15)
where K* = BTP* /r* and K, = SCT. Note that we use the notation
A B
G(s) = [C D]

for representing a transfer function G(s) given by G(s) = C(sI — A)"'B + D. Matrices P* and S are
positive definite solutions of following algebraic Riccati equations:

ATP* + P*A — P'BBTPF/f + Q =0, (16)

AS + SAT —SC'CS + ¢BB' = 0. (17)
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Step 4: Construct the closed-loop system T*(s) as

AL | B
TF(s) = | =L L, 18
(s) ct 0 (18)
where
A A  BC! B B
T — BCC A]C( ’ T — 0 ’

ck =10 C“. (19)

The energy consumption for active control of T*(s) is given by

T

EF = cixhch, (20)

where the matrix X'; is the positive definite solution of the following Lyapunov equation:
T
ALXE - XEAS 1 gBrBT = 0. (21)

Step 5: If |EX — EF11<e, (e, > 0) and |EX — u|<e, (e,>0), let (VEYT (V) + AV (AV > 0),
i—i+1and go to Step 1. Else if |EF — EX"'|<e¢, and |[EX — p| > ¢, let

k m
rk+1<—rk<%> (m>0), k—k+1 (22)

and go to Step 2. Otherwise (the condition |Ef4‘ - El’j*1|<£e is not achieved even if k = kyux), the
closed-loop critical flow velocity becomes (Vc",)’_1 and the algorithm is terminated.

In the inner loop of Algorithm 1, we adopt the controller design method with the energy
constraint proposed by Skelton [13]. For a design candidate of the structural design variables
(denoted by (D(x)‘, LS, LS)), we have to obtain the LQG controller in Eq. (15) ik, times for
obtaining the closed-loop flow velocity V,. This fact means that we have to solve algebraic Riccati
equations (Egs. (16) and (17)) 2ik,,., times for an optimal design candidate in the numerical
manner. As mentioned earlier, the analytical solution procedure for simultaneous optimal design
problem has not been found up to the present and iterative numerical methods are generally
employed. If we check the closed-loop critical flow velocity for N, candidates of the optimal
design (generally, the number N. becomes large), we have to solve algebraic Riccati equation
2N ik, times. The amount of the computation may become unacceptably large even with the use
of the computer power which is fastly developed in this decade. In this paper, we propose a
following algorithm for obtaining the closed-loop critical flow velocity with less amount of
computation:

Algorithm 2. Step 0: Let i =1 as the iterative number and set the upper bound of the energy
consumption u> 0 in Eq. (13). Define (Vf,,)i = V¢ as the initial estimate of the closed-loop critical
flow velocity.

Step 1: Obtain the state-space model of the pipe system in Eq. (10) for (VL‘,’,)". For the state-
space representation, find the co-ordinate transformation matrix T such that the realization on
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x(t) = Tz(¢) becomes
(1) = Apz(t) + B, (U(7) + ny(2)),

Y(1) = Cpz(1) + np(2), (23)
where
A, = T"'AT = blockdiag(A} ,AZ, ..., AY), (24)
B, =T 'B=[®B,)" B))" - BT, (25)
C,=CT=[C! C - CM. (26)

Matrices A,{;, B,{; and C,fl (j=1,...,N) are given by
2
NE —(jo; V1= G B [b]i
—J1-Go; Loy '

where {; and w; denote the jth modal damping coefficient and the jth natural frequency of the pipe
system respectively. Note that the state-space realization in Eq. (23) is the modal coordinate
representation of the pipe system.

Step 2: Pick up unstable N, subsystems from the pipe system defined in Eq. (23). Namely, pick up
N, A,{Z, B,{; and C,{1 (j =1,...,N,) matrices where [;<0 (i.e., those modes are not asymptot{cally
stable) from the modal coordinate representation of pipe system. Redefine those matrices as A, B/,
Cl{ (j=1,...,N,), respectively, and construct an antistable system given by

zu(l) = Auzu(t) + Bu(U(t) + ns(l)):
Y (1) = Cuz, (1) + ny(1), (28)

. Ch=I[ 27)

J

where
A, = blockdiag(Al, ..., AN¥),

B,=[B! : BY]", C,=[C! ... CM.
Step 3: Obtain a state feedback gain matrix U(t) = —F,z,(t) satisfying
Re(4i(Ay — B,F,)) = —Re(4(Ay)), [=1,...,N,. (29)

Compute an estimator gain matrix K, = SCT where the matrix S is the positive definite solution of
Eq. (17). Note that the relation between eigenvalues of two matrices A, and A, — B,F, is shown in
Fig. 2. Each pole of the closed-loop system (eigenvalues of the matrix A, — B,F,) located at the
mirror image of the corresponding open-loop pole (eigenvalues of the matrix A,) with respect to the
imaginary axis.

Step 4: Obtain the full state feedback gain matrix Ky with the gain matrix ¥,, and the co-ordinate
transformation matrix T. Define the closed-loop system G.(s) as the following:

Guls) = {A BC],

: 30
o (30)
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Fig. 2. Relation between eigenvalues of two matrices A, and A, — B,F,. The symbol e denotes the eigenvalue of the
matrix A, and x denotes the corresponding eigenvalue of the matrix A, — B,F,. Each pole of the closed-loop system
(eigenvalues of the matrix A, — B,F,) located at the mirror image of the corresponding open-loop pole (eigenvalues of
the matrix A,) with respect to the imaginary axis.

where
A —BK; B
Ac = 5 Bc = 5
K.C A -BK;-K.C 0
C.=[0 K] (31)
Compute the following quantity given by
Eu = CCXCC;r: (32)

where the matrix X, is the positive-definite solution of the following Lyapunov equation:
AX,+XA! +BB! =0. (33)

Step 5: If E, <, let (Vfr)’url <—(Vc"r)i + AV andi<i+ 1 and go to Step 1. Otherwise (E, > p), the
closed-loop critical flow velocity becomes (V(f',)’_l and terminate the algorithm.

The obtained flow velocity V¢, becomes the closed-loop critical flow velocity of the pipe system
because of following reasons:

(1) The energy consumption E, gives the energy consumption of the LQG controller employing
F, as the optimal regulator gain.

(2) The state feedback gain F, coincides with the optimal regulator gain obtained by taking the
limit 7* —» oo in Eq. (14) [15]. Algorithm 1 is not converged in the case that the condition
|EX — | <e, is not achieved in ¥ — co. Since we check the possibility of the stabilization in the
case of *— oo in Algorithm 2, Algorithm 1 is never converged if we take V¢ obtained in
Algorithm 2 as the closed-loop critical flow velocity.
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The amount of computation in Algorithm 2 is drastically reduced compared to that of Algorithm 1
because Algorithm 2 is not necessary to obtain LQG controller for all candidates of the closed-loop
critical flow velocity.

3.2. Optimal design algorithm

In this paper, the optimal structural design variables, i.e., the outer diameter distribution D(x)*
and the sensor and the actuator location L* and L* are obtained with SA method [14]. This
algorithm is an application of an interaction of atoms in annealing process of metals to
optimization. In high “temperature”, each atom behaves randomly since the energy of each atom
is relatively high. As decreasing the ‘“‘temperature”, the behaviour of the atom is gradually
constrained by surrounding atoms. In SA, a candidate of the optimal design variable is considered
as the atom. The “‘temperature’ is considered to be a probability to accept a worse solution in
each search process. The initial temperature and its cooling schedule can be specified by the
designer according to the given problem. In initial stage of the optimization, since the
“temperature’ is high (the worse candidate is accepted with high probability), the candidate of the
optimal design solution is changed randomly, i.e., the random search is performed. By reducing
the temperature, the probability to accept the worse solution becomes small. In sufficiently low
“temperature”’ (low probability to accept the worse candidate), the search becomes just like a
local search procedure since worse solutions are almost rejected. By adjusting the initial
temperature and the cooling schedule according to the given optimization problem, the
approximated optimal design variable which can be regarded as true optimal solution can be
obtained. The optimal design algorithm is summarized as follows:

Algorithm 3. Simulated annealing (SA) method

Step 1: Set the maximum number of iterations N., the initial temperature T > 0 and the cooling
rate 6 (0<6<1). Let the present iteration number i = 0. Select a candidate of an optimal
set of design variables as (D(x), L., Ly). Obtain the closed-loop critical flow velocity V¢, with
Algorithm 2.

Step 2: If i = N., let (D(x), L,, L) be the optimal set of the design variables (D(x)*, L*, L¥) and
stop. Otherwise, select randomly another set of design variables (D(x)"", L, L") which is close to
(D(x), Ly, Ly). Obtain the closed-loop critical flow velocity (V)" for (D(x)"", LI, L'").

Step 3: Define AV, = (V)" — V. If AV, >0, update (D(x), Lq, L) < (D(x)"", L1, L") and
Ve (V). Otherwise, update (D(x),Lg, Lg) < (D(x)"", LIV, L") and V¢ <« (V)" with a
probability p = exp(AV,/T).

Step 4: Let T« 0T and i—i+ 1 and go to Step 2.

The objective function, i.e., the closed-loop critical flow velocity may become non-differentiable
function on structural design variables since the number(s) of the unstable mode(s) of the pipe
system may change depending upon design variables. Therefore, gradient-based optimization
techniques, e.g., steepest descent method, Newton method, etc. may not work well for this optimal
design problem. On the other hand, no data on the gradient of the objective function are not
required in the process of SA optimization. It means that SA method works effectively even in the
case that the gradient optimization method cannot be applied.
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In the formulated design problem it is not guaranteed to converge to the global optimal design
even in the use of SA method, i.e. obtained optimal design is a local optimal solution. However, SA
method can avoid an initial convergence to a “bad” local optimal solution (Note that we may
observe such initial convergence if we simply adopt a gradient-based optimization to the formulated
problem.) since the transition to a worse solution with some probabilities is allowed in SA method.

4. Design example

As a design example, the simultanecous optimal design proposed in the previous section is
performed for the pipe system. In this design example the equation of motion in Eq. (4) is
approximated by first 10 modes of vibration, i.e., N = 10 in Eq. (6) is employed for obtaining the
finite-dimensional model in Eq. (9). The physical property of the pipe system is summarized in
Table 1. The initial temperature and the cooling rate are set as 7" = 0.5 and 0 = 0.99, respectively.
The optimal design is obtained for three upper bounds of the energy consumption (in Eq. (13)), i.e.,
p = 1,100 and 10, respectively. Results of the optimization for each value of u are shown in Figs.
3(a) to 5(a). The optimized closed-loop critical flow velocity (I/f,)>’< for each upper bound of the
energy consumption u is also shown in Table 2. In each example the uniform outer diameter
distribution is used as the initial structural design parameter. Although randomly selected several
non-uniform distributions are tested for obtaining the “better” local optimal solution, it is found
that there are almost no effects of the initial value changing on the value of the obtained optimal
closed-loop critical flow velocity in the example. The optimized closed-loop critical flow velocity
becomes higher as the upper bound of the energy consumption p becomes larger. It is physically
reasonable since the authority of the active control becomes higher as the energy consumption
grows larger. From Fig. 3(b), the optimized closed-loop critical flow velocity V7, is almost same as
the corresponding open-loop critical flow velocity V¢ for the small energy consumption (u = 1).
The maximum of the closed-loop critical flow velocity is achieved in the point where the open-loop
critical flow velocity becomes maximum. It implies that the simultaneous optimal design and the
structural optimal design (without active control) have the same meaning in the case that the

Table 1

Physical properties of the pipe (initially, ¥ = 0 (m/s))

Parameter Value
Inner diameter d (m) 438 x 1073
Outer diameter Dy (m) 12.23 x 1073
Length L (m) 0.602

Mass per unit length of pipe m;, (kg/m) 0.122

Mass per unit length of fluid m, (kg/m) 1.52 x 1072
Young’s modulus E (Pa) 6.06 x 10°
Spring constant K (N/m) 1.50 x 10?
Natural frequency (1st mode) f; (Hz) 0.5
Natural frequency (2nd mode) f; (Hz) 2.25
Logarithmic decrement (1st mode) 0, 0.15

Logarithmic decrement (2nd mode) o, 0.31
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Table 2

Optimized value of the closed-loop critical flow velocity V¢,

n (Ve)* (m/s)
1 15.07
100 15.67
10* 22.76
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authority of the active control is small. In other words, the structural design variables are optimized
such that the open-loop critical flow velocity V7, is maximized for the small energy consumption.
The validity of the above speculation is reinforced from the result that the optimization history for
V¢, is almost same as the one for V¢, in Fig. 3(b). On the other hand, from Figs. 4(b) and 5(b), the
correlation between the optimized closed-loop critical flow velocity V¢, and the open-loop critical
flow velocity V. becomes smaller as the upper bound of the energy consumption u becomes larger.
Furthermore, the maximum point of the closed-loop critical flow velocity V¢, is not achieved in the
point where the maximum of the open-loop critical flow velocity V2, is achieved in ¢ = 100 and 10*.
These results point out that the optimal design is different between the case of open-loop setting
(without active control) and the one assuming the introduction of active control for the pipe system.
This result strongly emphasizes us the necessity of the simultaneous optimal design approach for the
active control system design of the cantilevered pipe conveying fluid.

5. Conclusion

In this paper, we have considered the simultaneous optimal design of the cantilevered pipe
conveying fluid. The results are summarized as follows:

(1) The simultaneous optimal design problem is formulated as the maximization problem of the
closed-loop critical flow velocity with the constraint on the energy consumption for active
control. We can fairly compare the performance of optimal design candidates under this
problem formulation.

(2) The algorithm is proposed for obtaining the closed-loop critical flow velocity with less amount
of computation.

(3) The simultaneous optimal design method with simulated annealing is proposed.

The future research projects are as follows:

(1) Understanding the obtained result in physical sense.
(2) Experimental verification of the result.
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Appendix A. The detailed expressions of matrices D, E, F and G

The detailed expressions of matrices D, E, F and G in Eq. (9) are given as follows:

I o} (X)2 o ()P N(x)
D = m/I + / mp(x) . s : dx, (A.1)
0
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